We develop a new functional renormalization group (FRG) approach for the two-dimensional XYmodel by combining the lattice FRG proposed by Machado and Dupuis [Phys. Rev. E 82, 041128 (2010)] with a duality transformation which explicitly introduces vortices via an integer-valued field. We show that the hierarchy of FRG flow equations for the infinite set of relevant and marginal couplings of the model can be reduced to the well-known Kosterlitz-Thouless renormalization group equations for the renormalized temperature and the vortex fugacity. Within our approach it is straightforward to include weak amplitude as well as out-of-plane fluctuations of the spins, which lead to additional interactions between the vortices that do not spoil the Berezinskii-KosterlitzThouless transition. This demonstrates that previous failures to obtain a line of true fixed points within the FRG are a mathematical artifact of insufficient truncation schemes.
I. INTRODUCTION
The discovery of the Berezinskii-Kosterlitz-Thouless (BKT) phase transition by Berezinskii [1, 2] and by Kosterlitz and Thouless [3, 4] was important for several reasons. First of all, it demonstrated that superconductivity and superfluidity are possible at finite temperature T even in two dimensions. Although true long-range order in two-dimensional systems with continuous symmetry is forbidden by the Mermin-Wagner theorem [5] , it does not exclude the possibility of quasi-long-range order, which manifests itself in algebraically decaying correlations. Another remarkable property of the BKT transition is that it is a continuous phase transition which does not break any symmetry, which was unexpected at the time of its discovery. In fact, the insight that the BKT transition cannot be characterized by a broken symmetry but is driven by topological defects had a huge impact on future research in condensed matter physics, where nowadays topological concepts play a central role. In the XY-model, these topological defects correspond to vortex and anti-vortex configurations of the spins, which cannot be continuously deformed into the ferromagnetic ground state, making them local minima of the energy. While at temperatures T below the critical temperature T c only bound pairs of vortices and anti-vortices are energetically allowed, this changes for T > T c where free vortices proliferate due to the accompanying entropy gain.
The discovery of the BKT transition was the beginning of a line of research where topological concepts are central to understand the behavior of condensed matter systems. Important milestones in this field are the explanation by Thouless et al. [6] of the integer quantum Hall effect in terms of topology, the topological characterization of spin chains by Haldane [7, 8] , and Laughlin's [9] theoretical explanation of the fractional quantum Hall effect as a quantum liquid, which led to the discovery of topological order [10] . This novel kind of order, which is also found in quantum spin liquids [11] and in superconductors [12] , is different from the conventional one described within Landau theory in that it is not related to any symmetries or to their breaking. Topological order refers to a topologically non-trivial ground state with long-range entanglement and is thus intrinsically a quantum effect. Its non-trivial topology makes the ground state robust against arbitrary local perturbations. This is in contrast to the related concept of symmetry protected topological order, which features short-range entanglement and is robust only against perturbations which preserve the underlying symmetry. The earliest example of symmetry protected topological order is given by the Haldane phase of a spin-1 chain, but it also appears, e.g., in topological insulators [13] and in Weyl semimetals [14] .
In their original work on the BKT transition, Kosterlitz and Thouless [4] used a real-space renormalization group (RG) approach to calculate the critical properties of the two-dimensional XY-model [15, 16] . The RG procedure invented by Kosterlitz and Thouless [4] is rather unconventional and supports the point of view that nothing is automatic about the RG, which often requires non-trivial reformulations adopted to the specific physical problem [17] . The theoretical predictions of Kosterlitz and Thouless [4, 15] are in good agreement with experimental observations in several systems which are believed to exhibit a BKT transition, such as liquid 4 He-films [18, 19] , arrays of Josephson junctions [20] , or ultracold gases [21] [22] [23] . However, the two-dimensional XY-model is not a fully accurate description of the experimental systems. In particular, the XY-model neither contains fluctuations of the length of the spins (amplitude fluctuations) nor does it allow for out-of-plane motion of the spins, which in real physical systems cannot be completely eliminated. Generally it is believed that amplitude fluctuations are innocuous in that they can be absorbed into a finite renormalization of the exchange coupling in an effective XY-model [24] . This has recently been demonstrated explicitly by Erez and Meir [25] for the attractive Hubbard model using classical Monte Carlo simulations.
In recent years, the development of functional renorarXiv:1707.01098v2 [cond-mat.stat-mech] 17 Oct 2017 malization group (FRG) methods [26] [27] [28] has somewhat unified different formulations of the RG by providing a mathematically elegant and formally exact formulation of the Wilsonian idea of mode elimination and rescaling. However, the RG flow equations derived by Kosterlitz and Thouless [4] have not been recovered within the framework of the FRG. In fact, in a recent FRG study of the classical O(2)-model, Jakubczyk and Metzner [29] discussed the possibility that the effect of amplitude fluctuations on the BKT transition might be stronger than previously assumed and might even destroy the BKT transition. This point of view is supported by the fact that previous FRG calculations for the classical O(2)-model have so far not reproduced the line of fixed points describing the BKT phase in a satisfactory way. While signatures of the BKT transition have been seen, the finite mass of the amplitude fluctuations results in a line of quasi-fixed points so that the BKT transition is replaced by a smooth crossover [29] [30] [31] . Although it is possible to fine-tune the cutoff procedure for each temperature separately such that one encounters a true fixed point [32] , this fine-tuning can only be justified if one assumes that the quasi-fixed points are a mathematical artifact of the derivative expansion. Indeed, the lack of true fixed points without fine-tuning motivated Jakubczyk and Metzner [29] to consider the possibility that the line of quasi-fixed points correctly describes the physical system. This is not in contradiction to experiments and to numerical simulations as the quasi-fixed points found in FRG calculations correspond to a finite, yet very large correlation length which might be difficult to distinguish at finite system sizes [29] . A novel procedure to study the classical O(2)-model within the FRG was recently developed by Defenu et al. [33] , where they decoupled phase and amplitude fluctuations by hand. This allowed them to treat at first only the amplitude fluctuations within the FRG and to then use the result as an initial condition for the phase part of the action, which they subsequently solved via the well-known Kosterlitz-Thouless flow equations. As a consequence, they recovered the usual BKT transition while still incorporating amplitude fluctuations via a rescaled initial phase stiffness. Noticeably, within their procedure amplitude fluctuations stay always gapped, in contrast to the previous FRG treatments mentioned above.
In this work we study the effect of amplitude fluctuations on the BKT transition by means of a new FRG approach, which combines the lattice FRG approach developed by Machado and Dupuis [34] with a dual representation of a generalized XY-model, which explicitly involves the vortex excitations via an integer-valued field. In contrast to the rather unconventional real-space RG approach developed by Kosterlitz and Thouless [4, 15] , our FRG approach is based on a straightforward application of the established FRG machinery in momentum space. We show that weak amplitude fluctuations can be taken into account as an effective interaction between the vortices. While this effective interaction leads to finite corrections of non-universal quantities like the value of the critical temperature, we find that it does not spoil the BKT transition, in agreement with general expectations.
The rest of this article is organized as follows: In Sec. II we review several dual representations of the XY-model. We then use in Sec. III one particular dual representation as a starting point for our FRG approach, which is based on the lattice FRG formalism introduced by Machado and Dupuis [34] . In Sec. IV we solve the resulting infinite hierarchy of flow equations for the relevant and marginal couplings of the model and rederive the well-known Kosterlitz-Thouless flow equations for the XY-model within our FRG formalism. In Sec. V we add weak amplitude fluctuations to our dual vortex action for the XY-model and show that they do not qualitatively change the BKT transition. Finally, we extend our procedure to the strongly anisotropic classical Heisenberg XXZ-model in Sec. VI and demonstrate that it also exhibits a BKT transition. Technical details regarding the derivation and solution of the flow equations for the XYmodel are given in Appendix A, while in Appendix B we derive an additional flow equation due to the amplitude fluctuations.
II. DUALITY TRANSFORMATIONS OF THE XY-MODEL
In this section we summarize various representations of the partition function of the two-dimensional XYmodel. The mapping between these representations is constructed by means of duality transformations [17, 35, 36] . Our dual lattice FRG approach will employ one particular representation involving integer degrees of freedom representing vortices. In this representation, the BKT transition is described by a Gaussian fixed point, which enables us to study the effect of longitudinal fluctuations on the BKT transition in two-dimensional Bose systems in a straightforward way.
The Hamiltonian of the classical XY-model with nearest neighbor exchange interaction J is
where s i = e x cos θ i + e y sin θ i are unit vectors representing classical spins located at the sites r i of a square lattice with lattice spacing a. The subscript i + µ represents the sites r i + a µ , where a µ connects nearest neighbor sites in the direction µ = x, y. We would like to calculate the partition function
where we have introduced the dimensionless temperature
and the lattice derivative
In order to facilitate analytical treatment of the partition function we use the Villain approximation [37] , 5) which becomes exact in the limit of low as well as high temperature [38] . The functions R V and τ V are determined by expanding both sides of Eq. (2.5) in a Fourier series and demanding equality for the three lowest Fourier coefficients, leading to the identification [38] 
, (2.6)
where I 0 and I 1 are modified Bessel functions of the first kind. Dropping R V as it just leads to a constant rescaling of the partition function we find
Since τ V (1/τ ) only amounts to a rescaling of the dimensionless temperature, we will in the following write τ instead of τ V (1/τ ) to simplify the notation. The integers n iµ label the periods of cos(∆ µ θ i ). It is convenient to eliminate the n iµ in favor of another set of integers p iµ by means of the following mathematical identity,
which follows by specifying f (x) = e −x 2 /(2τ ) in the Poisson summation formula [39] 
(2.10) With the help of the identity (2.9) we obtain from Eq. (2.8) 11) where N is the number of lattice sites. The second term in the exponent can be written as 12) where the p i = (p i,x , p i,y ) are two-component vectors over the integers representing a current-like degree of freedom and the lattice divergence of these currents is defined by [17] ∆
Carrying out the integrations over the angles θ i in Eq. (2.11) enforces local constraints on the p iµ at each site, which can be written as a vanishing lattice divergence. The partition function of the Villain model can then be written as a constrained sum over the integers p iµ ,
(2.14)
Now we can use the fact that the currents p i have vanishing lattice divergence to express them in terms of a new set of integers m i attached to the sites of the dual lattice as follows [17, 35, 40] ,
A graphical representation of the dual lattice as well as of the association of the currents p iµ with the links of the original lattice is shown in Fig. 1 . The four conditions (2.15a-2.15d) can be written compactly as a lattice curl, 16) where the matrix elements of the antisymmetric -tensor are xx = yy = 0 and xy = − yx = 1. The condition ∆ · p i = 0 is then automatically satisfied and we can represent the partition function of the Villain model as an unconstrained sum over integer variables attached to the sites of the dual lattice, where the dual vortex action is the following quadratic functional of integers m i associated with the sites R i of the dual lattice,
This dual vortex action will be the starting point of our FRG calculation in Sec. III. Note that the partition function (2.17) is actually divergent, since the dual vortex action (2.18) depends only on differences of the m-field. The reason for this divergence is that the relations (2.15a-2.15d) define the m-field only up to an overall additive constant. In principle, we should therefore fix the m-field at an arbitrary lattice site to some integer m f [41] . However, we may then sum over m f without changing the physics as this only amounts to a constant rescaling of the partition function, so that we finally obtain the simpler expression (2.17). Furthermore, in Sec. III we will introduce a regulator, which leads to a finite zero-momentum mode of the dispersion of the mfield. As a result, the divergence of the partition function is cured for any finite value of the cutoff. For completeness, we conclude this section by establishing the relation of the dual vortex action (2.18) to the so-called Coulomb gas representation of the XY-model. Therefore we make use of the Poisson summation formula (2.10) once more to eliminate the integers m i in favour of a set of real continuous variables φ i and another set of integers q i ,
19) where the dual action is now given by
The q i are called vortex charges; in the Coulomb gas analogy [42] , the q i correspond to the charges of the particles in units of the elementary charge. The easiest way to see the equivalence of Eqs. (2.17) and (2.19) is to use the distributional form of the Poisson summation formula (2.10),
Integrating over the fields φ i then replaces φ i → m i in the rest of the integrand so that we recover Eq. (2.18). However, we may also first perform the Gaussian integration in Eq. (2.19) over the field φ i to obtain
ij Vij qiqj , (2.22) where the delta distribution enforces the constraint of vanishing total vortex charge (the appearance of the delta distribution instead of a Kronecker delta is directly related to the divergence of the partition function (2.17) as discussed above) and the interaction V ij is given by
Here we have defined the dimensionless dispersion 24) where γ k is the nearest neighbor structure factor on a square lattice,
In the thermodynamic limit, the summation in Eq. (2.23) should be replaced by an integration over the first Brillouin zone,
Using the fact that for small wavevectors γ k ≈ 1−k 2 a 2 /4 and hence ω k ≈ τ a 2 k 2 , we see that the integral is infrared divergent. To regularize this divergence, we assume that the system has a finite length L and rewrite the action in Eq. (2.22) as 28) which is allowed due to the constraint i q i = 0. This regularized interactioñ
then has a finite limit for L → ∞ and behaves as
III. DUAL LATTICE FRG
In the derivation of the exact hierarchy of FRG flow equations for a given many-body system, one usually assumes that the partition function can be expressed as a functional integral involving continuous fields [28] . However, as recently pointed out by Machado and Dupuis [34] , this assumption is really not necessary, so that the FRG formalism can also be applied to systems involving degrees of freedom which are parametrized in terms of a set of integers. The basic idea of their lattice FRG is to start the flow in the local limit of decoupled lattice sites, thus retaining information about local fluctuations in the initial conditions. This is similar [34] to the hierarchical reference theory of fluids developed by Parola and Reatto [43] [44] [45] , which starts with a soluble reference system containing only strongly repulsive short-range interactions and then progressively includes long-range interactions via a RG procedure.
At the first sight it is not clear whether the dual vortex representation (2.17) or the Coulomb gas representation (2.22) will be most suitable for deriving the KosterlitzThouless RG equations within the lattice FRG formalism proposed by Machado and Dupuis [34] . While we have explored both possibilities, in the rest of this work we shall present results only for the dual vortex representation (2.17), which we found to be advantageous due to the fact that the dual action S dual [m] is simply given by squares of lattice derivatives.
A. Exact FRG flow equations
Starting point is the dual representation (2.17) of the partition function of the XY-model as a nested sum over integers m i representing the dual vortex degrees of freedom. Introducing the Fourier components of the m i via
the dual vortex action (2.18) can be written as
with ω k = 4τ (1 − γ k ), see Eq. (2.24). Note that the low-temperature phase of the original XY-model maps onto the high-temperature phase of the dual model. We therefore expect that for small τ the dual model will be gapless, while for large τ the renormalized spectrum will exhibit a gap associated with a finite screening length.
If the m i were continuous variables, the dual action (3.2) would represent a Gaussian field theory which does not exhibit any phase transition. The BKT transition must therefore be related to the discreteness of the m i . To derive the Kosterlitz-Thouless RG equations from the dual representation (2.17) within the framework of the lattice FRG [34] , we introduce a bandwidth cutoff λ and replace the dual action (3.2) by the cutoff-dependent action
where the cutoff-dependent regulator function R λ (k) is given by [34] 
Identifying the initial value λ 0 of the cutoff with the total bandwidth of the dispersion, i.e.,
we see that at λ = λ 0 the regularized dispersion is constant for all wavevectors k, 6) so that at the initial cutoff scale the dual action is local,
In order to define the average effective action, we introduce the cutoff-dependent generating functional W λ [h] of the connected correlation functions (Schwinger functional),
which is a functional of the real-valued source fields h i . The average effective action Γ λ [m] is then defined via the subtracted Legendre transformation,
(3.9) where on the right-hand side it is understood that the sources h i = h i [m] should be considered as functionals of the expectation values m i by solving
Taking derivatives of W λ [h] with respect to the sources, we obtain the connected correlation functions of the dual integers m i . In particular, the two-point connected correlation function between m i and m j at the dual sites R i and R j is
where for an arbitrary functional F [m] the average symbol is defined by
12) Following the usual steps [28] , it is now straightforward to derive an exact hierarchy of FRG flow equations for the irreducible vertices of our model. It is important to emphasize that this derivation does not require that the theory can be defined in terms of some functional integral over continuous fields. The average effective action Γ λ [m] defined in Eq. (3.9) therefore satisfies the exact FRG flow equation [26, 28] 
where Γ λ [m] and R λ are infinite matrices in the momentum labels with matrix elements given by
Form = 0, the second-derivative matrix of the average effective action Γ λ [m] is diagonal in the momentum labels,
where the Fourier transform of the connected two-point function for vanishing sources is by construction related to Γ (2) λ (k) as follows,
The expansion of Γ λ [m] in powers of the Fourier componentsm k of the expectation valuesm i defines the irreducible vertices [46] . By symmetry the expansion involves only even powers, 18) where the ellipsis denotes terms involving six and higher powers ofm. Settingm = 0 in Eq. (3.13) we obtain the exact flow of the free energy,
By expanding both sides of Eq. (3.13) to quadratic order inm, we obtain an exact FRG flow equation for the twopoint vertex [28] ,
where we have introduced the single-scale propagatoṙ
The exact flow equation of the four-point vertex appearing on the right-hand side of Eq. (3.20) is [28] 
B. Initial conditions
In the lattice FRG we start the RG flow at scale λ 0 = 8τ = 8T /J with a non-trivial initial condition. Noting .7) is local, we obtain from Eq. (3.8)
where the theta function ϑ 3 (z, q) is for |q| < 1 defined by [48]
(3.24) Using Jacobi's identity [39] 
we may alternatively write
This expression is particularly useful at low temperatures where the parameter 27) which can be interpreted as the vortex fugacity at scale λ 0 , is exponentially small so that we may expand
Then we obtain (3.29) and hence
The resulting initial form of the average effective action is
In the long-wavelength limit where ω k ≈ τ k 2 a 2 , the initial average effective action (3.31) formally resembles the action of the sine-Gordon field theory [17] . Here, however,m i = m i is not a quantum field which is integrated over, but the expectation value of an integer degree of freedom m i representing the vortices in the dual action (2.18) .
Note that in the above derivation of Eq. (3.31) we have expanded W λ0 in the vortex fugacity y 0 in order to invert the relationm
analytically. The advantage of this approach is that it allows us to rederive the Kosterlitz-Thouless RG equations (Sec. IV) and to analytically assess the effect of amplitude (Sec. V) and out-of-plane fluctuations (Sec. VI) on the BKT transition. However, in order to investigate the full phase diagram of our dual vortex model and especially the high-temperature phase where vortices proliferate, another strategy would be necessary. A possible strategy is to invert the relation (3.32) numerically and to proceed within the derivative expansion.
IV. KOSTERLITZ-THOULESS RG EQUATIONS FROM THE FRG A. Relevant and marginal couplings
Given the fact that the FRG flow equations above are formally exact, it should be possible to derive from these equations the celebrated RG equations for the renormalized temperature and for the vortex fugacity of the XY-model first obtained by Kosterlitz and Thouless [4] . Note that these authors used an unconventional realspace implementation of the RG procedure. An alternative derivation of the Kosterlitz-Thouless RG equations is based on the mapping to the sine-Gordon model and the subsequent application of a real-space RG procedure to this model [17] . However, as emphasized by Herbut [17] , with this procedure one encounters an infrared divergence which has to be regularized. Although physical arguments suggest a natural regularization, it would certainly be more satisfactory to have a self-contained RG procedure which can be applied automatically. In this section we show that, within the established machinery of the FRG, the Kosterlitz-Thouless RG equations can be obtained in a straightforward way without invoking physical arguments which lie outside the framework of the FRG.
To derive the Kosterlitz-Thouless RG within our dual lattice FRG approach, it is sufficient to approximate the bare dispersion ω k by the leading term in the expansion for small wavevectors,
It is convenient to express the bandwidth cutoff λ introduced in Sec. III A in terms of a momentum cutoff Λ by setting λ = c 0 Λ 2 and considering all vertices as functions of Λ. Moreover, to better describe the scaling in the vicinity of the BKT transition it is convenient to multiply the regulator given in Eq. (3.4) by an appropriate wave function renormalization factor c Λ /c 0 . Our modified regulator is therefore
where the scale-dependent coupling c Λ is defined via the long-wavelength expansion of the flowing two-point vertex,
The reason for introducing the factor c Λ in Eq. (4.2) is that it simplifies the scale-dependent propagator,
For the corresponding single-scale propagator we obtain from Eq. (3.21)
(4.5) The exact FRG flow equations describing the evolution of the irreducible vertices as we change the momentum cutoff Λ can be obtained from the exact FRG flow equations with bandwidth cutoff λ given in Sec. III A by simply replacing λ → Λ. In particular, from the flow equation (3.20) for the two-point vertex we obtain the exact FRG flow equations for the couplings r Λ and c Λ defined via the long-wavelength expansion (4.3),
Λ (0, 0, q, −q), (4.6)
where ∂ k = ∂/∂k. By simple power counting, we see that r Λ scales as Λ −2 and is therefore relevant at the Gaussian fixed point manifold. Moreover, the canonical dimension of the dimensionless coupling c Λ vanishes so that this coupling is marginal at the Gaussian fixed point manifold. However, in two dimensions we have to keep track of an infinite set of relevant couplings given by the momentum-independent parts of the irreducible vertices with 2n external legs, 
(4.9) The above definitions of u 
where
To derive a closed hierarchy of RG flow equations for all the relevant couplings u
We will show later that for n ≥ 2 all relevant couplings u are only proportional to y 2 Λ . Since we assume y 0 and y Λ to be small, we can neglect the q-dependence of the four-point vertex on the right-hand side of Eq. (4.13) to leading order in the fugacity y Λ . Then the flow of the two-point vertex is given by
Λ (k), (4.14)
where we have defined
The exact FRG flow equation of the effective interaction Γ 
Finally, within the same approximations we obtain from the exact flow equation for the irreducible six-point ver- 
Λ (0).
(4.17)
A graphical representation of these flow equations is shown in Fig. 3 .
B. Flow equation for the fugacity
Suppose now that the momentum-independent parts u (2n) Λ of all vertices are proportional to the same small parameter y Λ , which we arbitrarily define via
This assumption is certainly satisfied at the initial scale Λ 0 if we identify y Λ0 with the parameter y 0 in Eq. (4.12b). The important insight is now that to linear order in y Λ , it is sufficient to retain only the first term in the above hierarchy of flow equations involving a single vertex with two additional external legs. Moreover, retaining only the relevant (momentum-independent) parts of the vertices which is justified for small y Λ , we obtain the hierarchy 19) where the coefficient A Λ is within our cutoff scheme given by Here the scale-dependent dimensionless temperature τ Λ is defined as
and we have used that ∂ Λ c Λ ∝ y 2 Λ , which we shall show explicitly in Sec. IV C. Introducing the logarithmic scale derivative ∂ l = −Λ∂ Λ , we obtain the infinite hierarchy of flow equations
To construct a solution to this hierarchy of flow equations let us make the ansatz u
Λ . The constant b can be uniquely fixed by requiring that this ansatz is compatible with the initial condition (4.11), implying b = −(2π) 2 and hence
All couplings u (2n) Λ therefore satisfy the same flow equation
Iterating the recursion (4.23) we obtain with Eq. (4.18)
To first order in y Λ , the local part of the average effective action is therefore 26) which (up to the field-independent terms) corresponds to the scale-dependent local potential of the sine-Gordon field theory. Obviously, the parameter y Λ satisfies the same flow equation (4.24) as the couplings u
Λ ,
Introducing the dimensionless rescaled coupling
we obtain from Eq. (4.27)
Here the flowing anomalous dimension of the vortex field m k is defined by
We shall show later that η l ∝ỹ 2 l , so that to linear order iñ y l we may neglect the contribution of η l on the right-hand side of Eq. (4.29), which then reduces to the well-known RG equation for the vortex fugacity of the XY-model [4] , 
Λ /2. To derive this hierarchy, let us first consider the RG flow of c Λ which is given by the exact FRG flow equation (4.7). Since we can neglect, to leading order in y Λ , the loop momentum q which appears in the argument of the single-scale propagatorĠ Λ (q) on the right-hand side, the RG flow of c Λ reduces to
where A Λ is defined in Eq. (4.20) and the marginal coupling c
Λ can be written as
which is a special case of the definition (4.9) for n = 2. Approximating the factor A Λ as described in Eq. (4.20) we obtain
where ∂ l = −Λ∂ Λ denotes again the logarithmic scale derivative. To determine the RG flow of the scaledependent dimensionless temperature τ Λ , we need the flow of the marginal coupling c
Λ related to the momentum dependence of the four-point vertex. Differentiating Eq. (4.16) twice with respect to k and taking the limit k → 0 we obtain
With our cutoff scheme, the expansion of this integral for small k can be obtained analytically,
where 40) and hence
Using c Λ = τ Λ a 2 we find that the dimensionless coupling c (4) Λ satisfies the flow equation
In terms of the dimensionless couplingỹ l defined in Eq. (4.28), the flow equation (4.42) can be written as
Anticipating that all marginal couplings c (2n) Λ for n ≥ 2 are of the order y 2 Λ , we see that to leading order in the fugacity we can neglect the second term in Eq. (4.43), so that
Obviously, the RG flow of c (4) Λ depends on the coupling c (6) Λ related to the momentum-dependent part of the sixpoint vertex and on the dimensionless couplingỹ l related to the momentum-independent part of the vertices, whose flow equation to leading order in the fugacity is given in Eq. (4.31) . To identify the general structure of the infinite hierarchy of flow equations for the marginal couplings c (2n) Λ , let us also write down the flow equations for n = 3 and n = 4 to leading order. For n = 3 we find .28), and finally using again l = ln(Λ 0 /Λ) as flow parameter, we obtain for the flow of the marginal part of the six-point vertex
In the next order n = 4 we get
which results in
By comparing the RG equations for c
Λ , and c is given by The infinite system of RG equations for the marginal couplings given above can be solved by the recursion
Substituting this into Eq. (4.49), we obtain a set of decoupled RG equations for the marginal couplings c
The solution to these equations with initial condition c shown in Fig. 4 . Note that the numerical coefficient in front ofỹ 2 l in the flow equation (4.57) depends on the specific cutoff procedure and can be arbitrarily changed by rescaling the couplingỹ l by a finite numerical factor [49]. Furthermore we observe that, while Eq. (4.58) is of first order inỹ l , it really is of second order in the double expansion in (τ − τ * ) andỹ l , so that we should also evaluate theỹ 2 l correction at τ = τ * . However, an explicit calculation shows (see Appendix A for technical details) that this correction vanishes, so that our result (4.58) is indeed correct to second order in the double expansion in (τ − τ * ) andỹ l .
V. EFFECT OF AMPLITUDE FLUCTUATIONS ON THE BKT TRANSITION
Having derived the Kosterlitz-Thouless flow equations for the XY-model within the FRG, we are now in a position to assess the effect of amplitude fluctuations on the BKT transition. As already mentioned in Sec. I, the question of how amplitude fluctuations influence the BKT transition is not fully settled since previous FRG calculations for the O(2)-model have so far not been able to encounter the expected line of fixed points without fine-tuning the regulator. In this section, we will address this question by considering a bosonic lattice model close to the supposed phase transition, which in the limit of a hard-core contact interaction reduces to the XYmodel. Assuming weak amplitude fluctuations, we show that their effect can be described via an effective vortex interaction. Evaluating the effect of this effective interaction on our RG flow equations for the XY-model enables us to conclude that amplitude fluctuations do not destroy the BKT phase transition.
A. Adding amplitude fluctuations to the XY-model
Bosonic lattice action in Villain approximation
To clarify the influence of amplitude fluctuations on the BKT transition, let us start from a lattice model describing bosons in the grand canonical ensemble at temperature T , which interact via a repulsive contact interaction U > 0,
where ψ i describes the complex bosonic field at site i of a square lattice with lattice spacing a, the exchange interaction is denoted by J > 0, and we have neglected the non-zero Matsubara frequencies as we are interested in the regime close to the classical (finite temperature) BKT transition. We assume that α > 0 and that U is sufficiently large, so that the amplitude fluctuations of the bosonic field are small compared with the radius α of the Mexican hat potential given by the first term in Eq. (5.1). Writing the complex field in density-phase notation,
we specifically assume that Uρ 2 /T 1, whereρ = ρ i is the expectation value of the ρ-field. Rewriting the action as a functional of density and phase we find
Note that in the limit U → ∞ we can replace the field ρ i in the action by its expectation valueρ. Redefining Jρ → J and neglecting constant terms we then recover the action (2.2) of the XY-model. A large but finite U thus allows us to study the effect of amplitude fluctuations on the BKT transition. Analogous to the Villain approximation for the XY-model we expand the exponential of the cosine as
where we have used ∆ µ θ i = θ i+µ − θ i [see Eq. (2.4)] and defined
Here τ = J/T and the functions R V and τ V are defined in Eqs. (2.6) and (2.7). We may now separate the contribution from the phase fluctuations to the partition function as follows,
Although τ V,iµ depends on i and µ, we find that we can still apply the same transformations we have used in the XY-model between Eqs. (2.8) and (2.14) to arrive at 8) where the lattice divergence ∆·p i is defined in Eq. (2.13).
Expansion in density fluctuations
Since we have assumed that the density fluctuations are small compared to the expectation value ρ i =ρ of the density field, it is reasonable to define
and to expand our action in terms of the density fluctuationsρ i . For τ V,iµ this yields 10) where the coefficients are given by (we use again the notation τ = T /J)
The reason for also taking the second-order terms inρ into account is that this allows us to extend the integrations over the density fluctuations to the entire real axis. Following the transformation outlined in Sec. II [see Eqs. (2.15a) -(2.15d)], we now introduce another set of integers m i to replace the p iµ -field. With the notation
we may then write
where we have approximatedρ i+µ ≈ρ i in theρ 2 term, since it is only needed to ensure convergence and close to the BKT transition it is sufficient to consider the longwavelength limit. With the expansion (5.10) of τ V,iµ we can also expand
where κ
V is an uninteresting constant and
and we have again approximatedρ i+µ ≈ρ i in the secondorder term. Analogously, we expand the coefficient R V,iµ defined in Eq. (5.5a),
so that we obtain for the logarithm of R V,iµ
where L
V is again an unimportant constant and
Putting everything together we find that the full partition function can be written as
(1)
Let us briefly consider the order of magnitude of the couplings in our new action (5.20) . Close to the BKT transition,ρ/τ is of order unity so that τ
V , and τ
V are also of order unity, while u 1 due to the dominance of the first term in the definition of u. Using the fact that ρ i vanishes by construction, it is easy to show that
Since M i is of order unity below the BKT transition, it follows that v is also of order unity.
Integrating out the density fluctuations
In order to make contact with our calculations for the XY-model, we now integrate out theρ-field to derive an effective theory for the dual vortex field m. Performing the Gaussian integrals and neglecting constant terms in the action yields
For large M i the argument of the exponential in Eq. (5.24) can be approximated as
Since the term in the square brackets is always positive and, close to the BKT transition, of order unity, we find that the partition function (5.24) is well defined and that the internal sums over m i are effectively cut off at M i ≈ 1, so that we may approximate
where we have introduced the effective dimensionless temperature
Expanding for large u, 28) and defining the dimensionless coupling constant 29) we finally arrive at
Fourier transforming to momentum space we can write this as
where ω k = 4τ (1 − γ k ) is defined analogously to Eq. (2.24), and the fully symmetrized momentum dependence of the effective quartic interaction due to amplitude fluctuations is given by In order to set up the FRG, we now introduce a regulator R Λ (k) analogously to the procedure described in Sec. III A. We thus replace
is again defined such that for λ = λ 0 the dispersion is constant. The cutoff-dependent prefactor ζ λ will be specified later on; here we only demand ζ λ0 = 1. 
where we have pulled the quartic interaction term out of the m sums by replacing the m k -fields with derivatives with respect to the source field h −k . This allows us to perform the sums over the m i -field and expand the result to leading order in the fugacity y 0 , see Eqs. (3.26) and (3.28) . Evaluating the derivatives with respect to h is then trivial,
where we have expanded the right-hand side to first order in g and in y 0 . The expectation value of the m-field at the initial scale is therefore to leading order given bȳ 38) so that
The initial condition for the average effective action
where we have expanded ω k to leading order and have used
Thus one of the effects of the amplitude fluctuations is a correction to the initial value of the coupling c Λ ,
Analogous to our treatment of the XY-model we now set λ = τ a 2 Λ 2 . A convenient choice of the prefactor ζ Λ in our regulator (5.35) is then 43) so that
Although this g-dependent correction to the regulator propagates to the functions A Λ and B Λ (k) defined in Eqs. (4.20) and (4.37), it is consistent to neglect the resulting correction terms since in the derivation of the Kosterlitz-Thouless flow equations in Sec. IV we have also dropped all corrections in y Λ . More important is the momentum-dependent four-point vertex in Eq. (5.40), which is explicitly given by Eqs. (5.32) and (5.33). In the long-wavelength limit we obtain from Eq. (5.33) 45) so that the interaction vertex V k1,k2;k3,k4 in Eq. (5.40) vanishes as the fourth power of the external momenta.
Obviously, this vertex has a scaling dimension of −2 and is thus irrelevant for the BKT transition. We thus conclude that weak amplitude fluctuations will not affect the BKT transition in a qualitative way, although they will slightly change non-universal quantities like the critical temperature T c . For a quantitative estimate, let us make the ansatz that for arbitrary cutoff scale Λ amplitude fluctuations generate a four-point vertex of the form given by the last term in Eq. (5.40),
where we identify g Λ0 = g. While in an exact treatment the momentum dependence of V k1,k2,k3,k4 will probably change its functional form during the flow, the above ansatz allows us to explicitly evaluate the flow of g Λ . Introducing the rescaled coupling
we show in Appendix B 1 that to leading order in the fugacity the flow ofg l is
Replacing the scale-dependent τ l by its initial value τ which is justified forỹ l 1, we can solve this flow equation forg l ,
Using the fact that for τ close to τ * = π/2 the first term vanishes more rapidly thanỹ 2 l , we conclude that the sign ofg l changes at some intermediate l and that for sufficiently large l the flow ofg l is determined bỹ
A graph of the typical RG flow ofg l is shown in Fig. 5 . The important point is that for large l the flow of the irrelevant couplingg l is independent of its initial valuẽ g 0 ∝ g and approaches zero at the BKT transition where the renormalized fugacityỹ * vanishes. Note that usually irrelevant couplings modify the RG flow of the relevant and marginal couplings only weakly so that their effect can be implicitly taken into account by redefining the numerical initial values of the relevant and marginal couplings [28] . In our case, the couplingg l does not change the flow equation forỹ l , but it does modify the prefactor in the flow equation for τ l (see Appendix B 2),
However, this correction can be simply taken into account by a redefinition ofỹ l , as discussed in the text after Eqs. (4.57) and (4.58). We thus conclude that weak amplitude fluctuations do not modify the universal properties of the BKT transition. , while the lower curve (blue) corresponds tog0 = 0 as is the case for the XYmodel. We find that for sufficiently large l both curves merge and eventually approach zero for l → ∞, so that the large l behavior ofg l is independent of the initial strength of the amplitude fluctuations.
VI. EFFECT OF OUT-OF-PLANE FLUCTUATIONS ON THE BKT TRANSITION
The technique developed in the previous section can also be used to study the effect of weak out-of-plane fluctuations of the spins on the BKT transition. Experimentally, it is hard to fully eliminate such fluctuations and it is therefore important so show that they do not destroy the BKT transition. In this section we demonstrate that weak out-of-plane fluctuations are irrelevant for the BKT transition, since they lead to the same effective field theory for the vortices as weak amplitude fluctuations.
To study the effect of out-of-plane motion of the spins, we generalize the XY-Hamiltonian given in Eq. (2.1) as follows,
where the spins s i of unit length are now allowed to rotate in three dimensional space, which we parametrize using spherical coordinates as s i = (sin ϑ i cos ϕ i , sin ϑ i sin ϕ i , cos ϑ i ). The first term in Eq. (6.1) describes the classical Heisenberg model, while the second term introduces an easy-plane anisotropy parametrized by the coupling U , which for large U suppresses the rotation of the spins out of the XY-plane. In the limit U → ∞ we would recover the XY-model. The partition function of the above XXZ-model is dϕ i denotes the integral over the unit sphere. Similar to our treatment of amplitude fluctuations in Eq. (5.4) , we expand the exponential involving the cosine of the lattice gradient using the Villain approximation,
(6.4b)
Here τ = J/T and our notation is analogous to the notation introduced in Sec. V. Performing first the integrals over the angles ϕ i we obtain Note that Z eff [ϑ] has the same structure as Eq. (5.7), so that we can write it in a current-like form similar to Eq. (5.8). Defining
we can then expand the effective action of the fields ϑ i up to second order inθ i , which is justified for U/T 1. The expansion of τ V,iµ defined in Eq. (6.4b) is τ V,iµ = τ 
where the coefficients are where M i is defined in Eq. (5.12). Expanding ln R V,iµ and ln τ V,iµ as well as sin ϑ i from the integral measure to second order in theθ i only yields terms of the form ϑ 2 i with coefficients of order unity that lead to a finite renormalization of the coupling U , which we absorb into the dimensionless coupling
The full partition function can then be written as
where we have extended the range of theθ-integrations to the entire real line and
V M i − 1 τ µ (δ j,i+µ + δ j,i−µ ) .
(6.13)
Note that τ
(1) V is always negative, so that the partition function (6.12) is well defined. After performing the Gaussian integrations over the anglesθ i we obtain 14) where the matrix elements of the matrix A are given in Eq. (6.13). To first order in 1/u we may neglect the offdiagonal part of A, so that Relaxing the confinement of the spins to the XY-plane can thus to leading order be fully absorbed in a redefinition of the dimensionless temperature in the dual vortex action of the XY-model. Considering also terms of order 1/u 2 , we find that the off-diagonal part of A only contributes an unimportant constant term. Expanding the logarithm (6.15) as well as the resulting exponential to second order in 1/u then yields Since the expression (6.18) for Z XXZ is formally identical to the partition function (5.30), weak out-of-plane fluctuations lead to the same effective field theory as weak amplitude fluctuations. Obviously, the results in Sec. V B therefore also apply to the strongly anisotropic XXZ-model, so that we conclude that the BKT transition is not destroyed by a small out-of-plane motion of the spins.
VII. SUMMARY AND CONCLUSIONS
In this work we have shown how to recover the Kosterlitz-Thouless RG flow equations for the twodimensional XY-model entirely within the framework of the FRG. The crucial technical step is to apply the lattice version of the FRG formalism developed by Machado and Dupuis [34] to a dual formulation of the XY-model, where integer degrees of freedom represent the vortices associated with the sites of the dual lattice. With this method, the Kosterlitz-Thouless RG flow equations can be obtained by means of an almost automatic application of the established FRG machinery in momentum space. The only technical complication encountered in this approach is that one has to solve an infinite hierarchy of RG flow equations for the relevant and marginal coupling constants of the model. Fortunately, to leading order in the fugacity, an explicit solution of this infinite hierarchy can be found, as shown in Sec. IV. In contrast to previous attempts to recover the BKT transition within the framework of the FRG [29] [30] [31] [32] , with our dual lattice FRG we exactly recover the RG flow equations obtained by Kosterlitz and Thouless [4] , which are believed to correctly describe the critical properties of the BKT transition. Our dual lattice FRG in momentum space is therefore an alternative to the rather unconventional real space RG used by Kosterlitz and Thouless in their original work [4] .
An important advantage of our FRG approach is that it can be easily generalized to take into account various deviations from the ideal XY-model, such as amplitude fluctuations (see Sec. V) or small out-of-plane movements of the spins (see Sec. VI). In particular, we have shown that amplitude as well as out-of-plane fluctuations give rise to an irrelevant effective interaction between vortices, which does not qualitatively modify the BKT transition. This is in contrast to previous FRG approaches [29] [30] [31] [32] , which did not explicitly take the vortex degrees of freedom into account and did not obtain the line of true fixed points associated with the BKT phase without finetuning the regulator. Inserting our earlier result (4.57) for τ Λ close to the BKT transition, which was derived without taking the irrelevant coupling g Λ into account, we find
